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Abstract 

The renormalization group is used to sum the leading-log (LL) 
contributions to the effective action for a large constant external gauge 
field in terms of the one-loop renormalization group (RG) function (3, 
the next-to-leading-log (NLL) contributions in terms of the two-loop 
RG function etc. The log independent pieces are not determined by 
the RG equation, but can be fixed by considering the anomaly in the 
trace of the energy- momentum tensor. Similar considerations can be 
applied to the effective potential V for a scalar field cj); here the log 
independent pieces are fixed by the condition V'^cp = v) = 0. 

The effective Lagrangian for a constant external gauge field has been con- 
sidered in a number of papers [1-7]. In the limit of a strong external field 
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strength, these lead to logarithmic corrections to the classical Lagrangian 
— \F^j^ = — (We can regard F as being either the electromagnetic field 
strength in QED or a non-Abelian field strength which may be coupled to 
matter.) A systematic summation of these effects by using the RG equation 
has been discussed in ref. [8]; the summation of logarithmic effects arising 
due to radiative processes in other contents has been considered in [9]. In this 
note we show that the RG equation, when applied to the effective Lagrangian 
L for a strong external gauge field, can be rewritten as a sequence of coupled 
ordinary differential equations for functions Sn with 5*0 giving the LL con- 
tribution to L, Si the NLL contribution to L, etc. The boundary conditions 
for these equations are the log-independent contributions to L. These can be 
fixed by examining the anomaly in the energy momentum tensor [10] as this 
anomaly can be used to find a formal expression for L [11]. The approach 
used is similar to one employed with the effective potential when there is a 
fundamental scalar field in the model [12]. 

If II is the renormalization scale in a model, F^i, is the constant exter- 
nal field strength and A the gauge coupfing, then the effective Lagrangian 
L{Fn^, A, //) must be independent of // and hence the RG equation follows. 

Since XF^^, is not renormalized, /3(A) — — A7(A) [13] and so if $ = F^^F^^, 
eq. (1) becomes 



With i = i In (^^^ , the form of L when A$ » /x^ is [8] 

oo n oo 

L = Y.Y. Tn,mX'''t^^ = Yl Sn{XH)X''^^ (3) 
n=0 m=0 n=0 

oo oo 

where S^iXH) = J2'^n+m,M''tr ■ " = J^WiA'"+\ eq. (2) is 

m=0 n=l 

satisfied at progressively higher orders in A provided these functions satisfy 
a set of coupled ordinary differential equations, 

wS'o{w) - 5*0 = (4a) 
bswS[{w) - hSo{w) + (1 + w)hS'o{w) = (4b) 
-hS!, + bsS2 - brSo + (1 + w)ibrS'o + b^S'^ + b^S!,) = (4c) 



etc. with w = —1 + 263 (A^t). In general Sn{C) can be found once Sq . . . Sn-i 
have been determined provided 63 . . . 62n+3 ai'c known and the boundary con- 
ditions S'„(A^t = 0) = T„o have been specified. In particular, 5*0 = TqoW. Si = 

-^In \w\+T,o and 5, = [(|)' - gj Too In \w\ - (|)' Too - l)+T,o. 

To find these boundary conditions, an extra condition must be found. To 

00 

do this, we reexpress L in eq. (3) as L = ^A„(A)r$ where 



n=0 



= ^Tto_„A^"*. Eq. (2) is now satisfied at each order in t provided 



^^n+l(A) = -^m4^ { i,AnW ] ■ (5) 



p »^-v / n + r ' ^dA 

— /■^^''^ dx 

If now A„(A) = A^A„(A) and rj = — — then 

An 13 [X) 



^n.i(A(,)) = ^^|;^Ao(A(,)) (6) 



so that 



00 



(7) 

Since Aq is determined by the T^q, we see from eq. (7) that again the log 
independent contributions to L fix the log dependent contributions once (3 is 
known. When 77 = 0, we take the value of the function \{ri) to be Ao. 

We now recall that the trace anomaly of the energy momentum tensor 

|10] 
where 



leads to [11] 



dt 




^^^'^ = /3(A(t)) h = / 1 (9) 



L = -l=^$ (10) 
4A(i) 



since {9^^'^) — —rj^'^L + 2^^. (It can be verified that eq. (10) satisfies eq. 
(2).) The usual "running coupling function" X{t) has the boundary condition 
A(0) = Ao with Aq also being equal to A(77 = 0). It is now apparent that eqs. 



(7) and (10) arc identical provided r] — 0, and so we now have the boundary 
conditions for eq. (4) 

TnO^-^SnO- (11) 



y~^'5'n(Ao^)Ao"' 



Upon equating L in eqs. (10) and (3) we see that =2^— = -t4 

Ln=0 

which is a novel expression for the running coupling in terms of f3{X). Con- 
sequently the log-independent contributions to L are fixed by the trace 
anomaly. 

The effective potential V for a massless scalar field with the classical po- 
tential Vci — can be treated in an analogous fashion. We will now review 
how [12] the RG equation can be used to express the log-dependent part of V 
in terms of the log-independent parts, and how these log-independent parts 
can be determined by considering an extra condition (which in this case is 
V {(f) — v) — 0) . The expansion 

^ = E E A'^+^T„,^L-0^ ( L = log ^ J (12) 

n=0 m=0 ^ 

when expressed as 

oo 

J]A„(A)L>^ (13) 

n=0 

oo 

(where A„ = ^^T^^^A"^"^^) satisfies the RG equation 

m=n 

provided 

^„+i(A) = (^-^ + am (15) 



n+1 \ d\ 

where j3 — f3/{l — j) and j — — j). If now 



^ = / -TT (16) 



and 



i„(A) = A„(A) exp 4 / ^-^dx ] (17) 
\ Jao 13 [x) J 

then by eq. (15) 



^ d ^ 1 ^ 



The sum of eq. (13) now leads to 



V = Ao{X{v + L)) exp | 4 /'^'""^^ ^dx | 0^ (19) 



As with eq. (7), cq. (19) shows that effective potential is determined by its 
log-independent contributions and the RG functions. 

To fix these log-independent contributions to V, we need a second condi- 
tion. The trace of the energy-momentum tensor does not help us to do this. 
However, we can invoke the condition 

\,=. - (20) 

where v is the vacuum expectation value of V . If the renormalization scale 
parameter // is chosen to be equal to then by eqs. (13) and (20) 



[A^{\)+AAo{X)y = Q. (21) 

This equation has been derived for a particular value of /x, but as A at this 
value of /X is not fixed, eq. (21) implies the functional relation 

^(A) - -4^o(A) (22) 

provided v Eq. (22) and eq. (15) with n — Q together lead to 

^ = (23) 



/3A+4(1 + ^) 



so that 



Ao(A) = Ao(Ao) exp ( -4 ) , (24) 



and hence eq. (19) becomes 



y = ^o(Ao)exp^-4y^^ 



^^.(A„,e.p(-4£^).^ (25) 

upon using eq. (16). Consequently, V is independent of provided v ^ 0; 
either there is no spontaneous symmetry breakdown or the potential is "flat" . 
(Of course, this flatness does not preclude spontaneous symmetry breaking.) 

We thus see that the effective Lagrangian for a constant gauge field and 
the effective potential for a massless scalar field are completely determined by 



the RG functions when the RG equation is supplemented by a suitable extra 
condition. In the case of the effective action for an external electromagnetic 
field this extra condition is provided by the anomalous trace of the energy 
momentum tensor. For the effective potential V{(f)) in a massless 0^ model, 
it is the fact that V^'(O) disappears when (j) = v which determines 
completely in terms of the RG functions. 
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